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I have on numerous occasions been asked by exasperated students what
the “point” of their having to take a course in Linear Algebra was. I usually
fervently exclaimed something to the effect that Linear Algebra is tremen-
dously important, and tried, as well as my (sometimes exceedingly) limited
knowledge would allow, to list a few examples of applications to their par-
ticular field of study. They typically, then, would begrudgingly accept the
fact that they would need to use Linear Algebra in their futures, but never
seemed completely satisfied that I had told them that ever elusive “point.”
This short essay is an attempt to remedy that for those unfortunate

enough to have posed a similar question to someone like me. I may not
have divined the “point,” but I hope at least to convey enough of a “point”
to convince the reader of the importance of linearity in many areas1 of human
endeavor. As for examples, I restrict myself to those from physics since, as a
physicist, my knowledge is hopefully least limited in that domain.
First, note that, whatever your field of study, if you wish to describe

something quantitatively, you need to define some quantities. These quan-
tities (e.g., length, household income, etc.) will usually be things that can
be measured directly in some way (e.g., by using a ruler, by taking a survey,
etc.). However, a given quantity will generally also depend on other quan-
tities. An important part of any quantitative field of study is determining
how.
If one suspects that a quantity Q depends on some single other quantity p,

it seems natural to assume thatQ is a function of p: Q = Q(p).2 Furthermore,
as a first guess, there is usually no reason not to assume that the function

1i.e., the quantitative ones
2Philosophers may debate the wisdom of this assumption, but here I take the techni-

cians’ tack.
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Q(p) is smooth3 (i.e., continuous and free of kinks4). Now if, as is often the
case, we are interested only in values of Q corresponding to values of p that
are close to some fixed value p0, we can appeal to a theorem from calculus

5

called Taylor’s theorem which says that

Q(p0 +∆p) = Q(p0) +m∆p+ teensy corrections (1)

where ∆p is small, m is a constant,6 and the teensy corrections disappear
like (∆p)2 or faster as ∆p goes to 0. Thus, for values of p close to p0, Q
depends approximately linearly on ∆p = p− p0; i.e., it has the form:

y = b+mx (2)

where y = Q(p0 +∆p), b = Q(p0), and x = ∆p.
Note that the two quantities were completely arbitrary. We suspected

that they were related to each other, made some simplifying assumptions,
and ended up with the equation of a line. This logic is applicable as a
first approximation to any phenomenon involving two quantities in any field
of study. How good of an approximation it is will depend, of course, on the
particulars. The breadth and number of both phenomena and fields to which
such approximations apply are immense.
As a simple illustrative example, consider the force exerted by a stretched

or compressed spring. One notices that the further a spring is stretched or
compressed from its undeformed (or equilibrium) state, the greater the force
it exerts. Thus, the force exerted F and the displacement of the spring from
its equilibrium x are related quantities. We take Q = F and p = x, above.
Since we are interested in the force near the equilibrium position x = 0, we
take the value of p0 above to be zero. Then, in terms of ∆p = p − p0 =
x− 0 = x, we find from equation 1:

F (0 + x) = F (0) +mx (3)

Or, upon noting that F (0) = 0 since a spring exerts no force when it is
neither stretched nor compressed, we obtain

F (x) = −kx (4)

3Even technicians must at times question the wisdom of this assumption, but it is
usually worth trying.

4Now it is the mathematicians’ turn to protest.
5Don’t panic. If you have not learned and/or have no intention of learning calculus,

you can still understand this argument by taking the following result on faith.
6m = dQ

dp
(p0), for those who have studied calculus.
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where we have written m = −k to conform with standard notation. This is
known as Hooke’s Law.7 It is valid as long as the displacement x from the
spring’s equilibrium position is small enough that the teensy corrections in
equation 1 can be ignored.
Now we turn to the general case, where a collection of quantities given by

an m-dimensional vector ~Q depend on another collection of quantities given
by an n-dimensional vector ~p. Again making the assumption of smooth
functional dependence, we can appeal to the multivariate form of Taylor’s
Theorem from vector calculus to obtain:

~Q(~p0 +∆~p) = ~Q(~p0) +M∆~p+ teensy corrections (5)

where M is now a constant m × n-matrix.8 Thus, when ||∆~p|| = ||~p − ~p0||
is small enough that the teensy corrections can be ignored, we find that
~y = ~Q(~p0 +∆~p) depends linearly on ~x = ∆~p:

~y = ~b+M~x (6)

where ~b = ~Q(~p0). This is an equation that one typically spends a great
deal of time considering in a course on Linear Algebra. Notice again that
the quantities were arbitrary; and hence, the possibilities for application are
vast.
As an example, I will consider Ohm’s Law. In its simple, one dimensional

incarnation familiar to anyone who has taken a high school physics, physical
science, or basic electricity class, Ohm’s Law states that the electrical current
I flowing through a bit of wire is proportional to the potential difference V
(a.k.a., voltage, e.m.f., etc.) across the wire:

I = GV (7)

The constant of proportionality G, called the conductance of the wire, is
usually written as G = 1/R where R is the more familiar resistance of the
wire. Hopefully, given the empirical fact that no current flows without a
voltage, it is now clear how this can be derived from equation 1 in a manner

7With the advantage of hindsight, it perhaps seems astounding that Hooke should be
immortalized in physics texts for truncating a Taylor series expansion at first order. (Now,
I’ve gone and annoyed the historians. . . .)

8M is the matrix with components ∂Qi

∂pj
(~p0) where i = 1, · · · ,m is the row index and

j = 1, · · · , n indexes the columns.
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similar to that which yielded Hooke’s Law.9 I, however, wish to illustrate
the use of equation 5. Hence, let us turn to the three dimensional form of
Ohm’s Law.
In three dimensions, where charge is free to flow in any direction rather

than being confined to the single dimension of the longitudinal axis of a
cylindrical wire, one speaks of an electrical current density ~J rather than
the current I. Basically, the current density represents the amount of charge
passing through a plane perpendicular to the direction of ~J in a unit of time.
One suspects that this quantity should be related to the electric field ~E in
the region under consideration, since, by definition, the electric field is the
force experienced by each unit of charge. So, taking ~Q = ~J , ~p = ~E, and
~p0 = ~E0 = 0 in equation 5, we find

~J(0 + ~E) = ~J(0) +M ~E + teensy corrections (8)

since ∆~p = ∆ ~E = ~E − 0 = ~E. So, using the empirical observation10 that no
current flows without an electric field and neglecting the teensy corrections
for sufficiently small fields, we obtain

~J = σ ~E (9)

where we have introduced the 3 × 3 conductivity matrix σ in place of M .
Up till now, we have suppressed the dependence of ~J and ~E on time t and
spatial position ~x. Our derivation, then, is valid for any fixed values of t and
~x. Thus, we obtain the three dimensional version of Ohm’s Law:

~J(t, ~x) = σ(t, ~x) ~E(t, ~x) (10)

I wish to conclude with a few cautionary comments. Firstly, all linear
approximations eventually break down.11 For example, conductors (e.g., the
filament in a light bulb) become “non-Ohmic” at high temperatures (e.g.,
normal operating temperatures for the aforementioned filament). In fact,
some things have no linear approximation. For example, if we had considered
the potential energy U of a spring as a function of displacement x from
equilibrium, rather than the force exerted, we would have found upon more
detailed inspection that the constant m in equation 1 is zero. In both of

9Another name immortalized for truncating a Taylor series. . . .
10valid for many, but not all, substances
11To the best of my knowledge, nothing is truly linear, at least, not for long.
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these cases, one needs to consider higher order terms in the expansion given
by Taylor’s theorem. The second order term is a quadratic correction which
is sufficient for the potential energy of a spring: U = 1

2
kx2. But, if we

were to pursue that, we would quickly find ourselves in an exposition on the
importance of polynomials and/or calculus.
Secondly, sometimes the linear approximation is so bad that Taylor’s the-

orem is not the right tool at all. It is then better to expand in terms of more
complicated functions such as trigometric, exponential, Bessel, etc. Pursu-
ing that, however, would quickly lead to an exposition on the importance
of analysis in general. So, I will restrict myself to mentioning that expan-
sion in terms of trigometric functions (known as Fourier analysis) allows one
to reduce the study of linear systems of differential equations with constant
coefficients to the study of matrix equations, and hence, Linear Algebra.12

Disclaimers now fully deployed, it is truly amazing how often linear ap-
proximations are all that one needs. In fact, there is a very real sense in
which linearity is all we know. When it comes to nonlinear problems, there
are a handful that can be solved exactly and a vast disarray of tricks and ap-
proximation techniques (usually involving linearization in some sense) that
each seem only to apply to some other handful. Linearity is here to stay.
Learn it, love it, and maybe some day you can get your name immortalized
by truncating a Taylor series expansion at first order. Personally, I’m keeping
my eyes peeled for the chance. . . .

12I’m only lying a little here. Honest.
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